Abstract: We report on progress in formulating a field theory of tensionless strings in AdS 3 , starting from the dual large-N symmetric orbifold CFT. We propose a set of field equations which are gauge invariant under the higher spin algebra of the theory, the 'Higher Spin Square'. The massless higher spin sector is captured by a Chern-Simons gauge field, while the matter sector is described by unfolded equations similar to those appearing in Vasiliev theory. Our equations incorporate the full perturbative spectrum of the theory, including states coming from the twisted sectors, and capture some of the interactions fixed by gauge invariance. We also discuss the spectrum of the bulk theory and explain how linearization around AdS 3 gives rise to the expected set of decoupled wave equations. Our results can be generalized to describe bulk duals of other large-N symmetric orbifolds.
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Introduction
To deepen our understanding of string theory, it is of obvious importance to clarify its underlying symmetry principle. When expanded around its Minkowski vacuum, string theory takes the form of a massive higher spin theory containing towers of higher spin fields lying on Regge trajectories. Its behaviour at large energies suggests a huge underlying higher spin gauge symmetry, which is spontaneously broken in the Minkowski vacuum [1] . This symmetry, or portions thereof, is expected to become manifest in tensionless limits of the theory. In such limits, the structure of string field theory is expected to become much more transparent, since interactions are highly constrained by the unbroken higher spin gauge symmetry. In this work we will make progress in constructing such a tensionless string field theory. One of the lessons from the work of Vasiliev [2] is that higher spin gauge theories are naturally formulated on (anti-)de Sitter backgrounds; this suggests to make sense of the tensionless limit in an AdS vacuum of string theory. This idea has recently been given a beautiful and explicit realization in the work of Eberhardt, Gaberdiel and Gopakumar [3] . They considered the worldsheet theory of strings propagating on the AdS 3 × S 3 × T 4 background with N S flux; this background arises as the near-horizon limit of k N S5-branes and N fundamental strings. The value of k sets the ratio between the AdS radius l AdS and the string length l s ,
The smallest value of k for which this background makes sense is k = 1, and it was proposed that this value corresponds to a tensionless limit 1 . The string coupling is proportional to 1/ √ N , so N should be taken to be large. The analysis of the worldsheet theory at k = 1 in [3] gave strong evidence, from the spectrum as well as interactions, that this tensionless AdS 3 string is dual to the the N -th symmetric orbifold of the N = (4, 4) SCFT on T 4 . The tensionless character of the k = 1 limit manifests itself in the fact that the dual theory is quasi-free and possesses a huge chiral algebra.
The dual symmetric orbifold CFT was of course already proposed a long time ago from considerations in the S-dual D1-D5 frame [5] . However in this frame the derivation was less direct; it was for example unclear where the symmetric orbifold is located in the 20-dimensional moduli space of the theory. This limited the checks of the proposal to the study of protected quantities [6] [7] [8] (see [9] for a review and further references).
Our goal in the present work is to take a first step in understanding how the interactions in the tensionless string field theory on AdS 3 × S 3 × T 4 are constrained by higher spin gauge invariance. While the recent understanding of the worldsheet may eventually make it possible to use standard formulations of string field theory for this purpose, we will here take a different route and use boundary CFT as our starting point to reconstruct the bulk theory. In the series of papers [10] [11] [12] , Gaberdiel and Gopakumar derived properties of the bulk theory from the symmetric orbifold dual. The higher spin gauge algebra has the structure of a 'Higher Spin Square' (HSS), containing both 'horizontally' and 'vertically' embedded conventional higher spin subalgebras, while the full algebra is in some sense exponentially larger. From the relation (1.1) we see that it is not possible to take the string length l s all the way to infinity in the AdS 3 background, and therefore the theory also contains massive matter fields. These arise from the untwisted as well as the twisted sectors in the CFT and fall in multiplets of the Higher Spin Square.
We will propose a set of equations which describe the tensionless string field theory to linear order in the matter fields. These equations take a form familiar from linearized Vasiliev theory [13] :
Here, A andĀ are one-form fields taking values in HSS; they describe the massless higher spin fields. The vanishing of the field strengths in the first line corresponds to the fact that these fields don't contain any local degrees of freedom, though as usual in AdS 3 they do describe boundary excitations. The second line is a set of equations describing the matter sector in an 'unfolded' formulation (see [14] for a review). Each |C (n) (x) is a zero-form taking values in the Hilbert space of a particular twisted sector of the orbifold CFT. When linearized around AdS 3 the equations describe, in a manner which we will make precise, an infinite number of AdS 3 matter fields of arbitrary high spin. The superscript (n) in A (n) ,Ā (n) denotes that the gauge fields must be evaluated in the appropriate representation acting on the twisted sector Hilbert space; one of the main results of the paper is to make this precise. The equation for n = 1, which captures matter coming from the untwisted sector, was already proposed in [15] . The equations (1.2) contain interactions of theory coming from vertices of the type AAA and CCA and are expected to capture holographic three-point functions (see [16] ).
To make this work self-contained, we will review some of the results of [10] [11] [12] needed for our analysis. The paper is organized as follows. Since most of what we have to say applies to general symmetric orbifolds at large N , we start in section 2 with a review of the spectrum of single-particle excitations in general symmetric orbifolds and the underlying Hilbert spaces. In section 3 we give an equally general discussion of the proposed bulk dual higher spin theory, showing how the requirements of capturing the CFT spectrum and of higher spin gauge gauge invariance lead to equations of the form (1.2). We also summarize the results of [17] which allow us to eliminate the auxiliary components in the unfolded fields |C (n) and obtain physical fields satisfying the appropriate wave equations in AdS 3 . In section 4 we apply this general framework to a simple example, the symmetric orbifold of a free boson. We show how the matter fields |C (n) can be described explicitly in terms of oscillators, and give an algorithm to evaluate the gauge fields A (n) ,Ā (n) in the appropriate representation. In section 5 we turn to our main example of interest, that of the T 4 symmetric orbifold. We address a subtlety in treating the fermionic sector and focus on making the ingredients entering in eqs. (1.2) precise. We also include an analysis of the spectrum of supermultiplets described by our equations. We finish by listing some open problems and future directions.
2 Symmetric orbifolds at large N Large-N symmetric orbifold CFTs provide us with a class of holographic conformal field theories with a 'stringy' bulk dual, in the sense that the spectrum has Hagedorn-like behaviour [18] . The example of the T 4 symmetric orbifold actually describes tensionless strings propagating on AdS 3 , while other examples of symmetric orbifolds with a dual string theory interpretation appear in [4, 19, 20] .
Large-N factorization in holographic CFT's implies that the spectrum separates into 'single-particle' excitations, which are dual to normalizeable modes of elementary fields in the bulk dual, and 'multi-particle' excitations. If the CFT is a large-N gauge theory, these are the states created by single-trace and multi-trace operators respectively. For the symmetric orbifold CFTs at large N it is not immediately obvious what is the equivalent of single-trace excitations. In this section we derive the single-particle spectrum of large-N symmetric orbifolds by taking a limit of the partition function, following the analysis of [11, 12] . In doing so we will also keep track of the actual states counted by the partition function, which comprise the single-particle Hilbert space; this space will play a crucial role in our subsequent construction of the dual field theory.
For technical simplicity, we will focus here on symmetric orbifolds of bosonic theories, though the analysis generalizes to fermionic theories modulo a technical subtlety involving NS sector fermions. Discussion of this issue will be postponed until section 5.
Symmetric orbifolds: generalities
Here we review some general aspects of symmetric orbifold CFTs, see [8, 21, 22] for more details. We start from a 2D bosonic 'seed' conformal field theory C with central charge c whose Hilbert space we denote by H. The partition function of the seed theory is
where we introduced the degeneracies c(∆,∆). We will assume the theory to be welldefined on a cylindrical worldsheet of circumference 2π, which requires the quantization condition
on the spectrum. We will take the convention that the conformal vacuum in the theory on a cylinder of circumference 2π has weights
Note that for simplicity we have assumed the left-and right central charges to be equal, though this is not essential. It is sometimes convenient to consider the partition function with the overall factor (qq) − c 24 removed; we will denote this partition function and its expansion coefficients with a tilde, i.e.
In particular,
Unitarity of the theory implies that all h,h are positive.
Now we want to consider a new CFT which is the N -th symmetric product orbifold of C:
Here the symmetric group S N acts by permuting N noninteracting copies of C. The resulting CFT can be completely constructed from the seed theory C [8, 21, 22] . The general theory of orbifolds [23, 24] tells us that the Hilbert space of this orbifold CFT is of the form
Here, the sum runs over twisted sectors which are labelled by conjugacy classes of S N and C g is the centralizer subgroup of a representative g within this conjugacy class. The notation H C means that we project on the subspace of H invariant under the action of C. The conjugacy classes of S N are in one-to-one correspondence with the partitions of N and can be labelled as
Here, (n) denotes a cyclic permutation of n elements, while the exponent N n denotes the number of such n-cycles present in the permutation. The centralizer subgroup is of the form
Here, the factors S Nn permute the N n cycles (n), while the factor Z n is generated by the cyclic permutation within a single cycle n. Each of the twisted sector Hilbert spaces can be written as 10) where by S N H we mean the symmetric tensor product of the Hilbert space H. The Hilbert space H (n) is obtained by taking n copies of C and imposing boundary conditions twisted by the generator Ω of the cyclic permutations. More concretely, we impose that the bosonic fields X of the theory obey the boundary conditions
where σ ∼ σ + 2π is the periodic coordinate on the cylinder and Ω acts as
Note that the X i satisfy X i (σ + 2nπ) = X i (σ + 2π), and can be seen as strands of a 'long string' whose worldsheet is a cylinder with circumference 2πn. The Hilbert space H (n) obtained in this way describes the twisted sector of the cyclic orbifold, see [26] for more details.
The space H Zn (n) in (2.10) is obtained from H (n) by projecting on Ω-invariant states. In view of (2.11), Ω acts on H (n) as e 2πi(L 0 −L 0 ) and H Zn (n) therefore consists of those states in which the difference between the left-moving and the right-moving weights is an integer. The partition functions Z andZ of the length-n twist Hilbert space are therefore [22] 
In the second identity we used the fact that H Zn (n) carries a Virasoro representation at central charge nc. We see from this expression that the zero-point energy in the n-cycle twist sector is [25] c
We will review the computation of this zero-point energy in section 4.4 below. We also introduced the symbol δ
which imposes the projection on Z n -invariant states:
From (2.14) we see that the expansion coefficients in the n-cycle twist sector, defined as 17) are given in terms of the seed coefficients as
The Hilbert spaces H Zn (n) will play an important role in our proposed description of the bulk dual theory at large N , which will contain fields taking values in an internal space which is precisely H Zn (n) . For the examples of interest, where the seed theory is free, we can give an explicit description of H Zn (n) as a Fock space built up fractional 1 n moded oscillators; this will be worked out in sections 4 and 5.
We can now discuss the partition function Z N of the symmetric orbifold CFT Sym N C. From the above considerations we have
It is convenient to define a generating function of the Z N , for which one obtains
This is the celebrated DMVV formula [21] (see also [8, 22] ).
Large-N limit
We now want to study the symmetric orbifold CFT at large N ; since the central charge of the orbifold theory is proportional to N we expect to find a weakly coupled gravity dual in this limit. For the large-N limit exist unambiguously, it is important that the ground state of the seed theory is unique [29] . For theories with fermions, we are therefore interested in the N S sector of the symmetric orbifold, while on the hand the above steps to derive the DMVV formula generalize straightforwardly to fermions in the R sector. We defer the treatment of this technical subtlety in fermionic theories to section 5, and focus for now on bosonic theories. In this subsection, we will take the large-N limit at the level of the partition function (2.23) and discuss the underlying Hilbert space of states in the next subsection. Uniqueness of the vacuum means, in terms of the expansion coefficients c(∆,∆), that
To extract the coefficient of p N in (2.23) at large N , we use the trick of [7] , see also [18] . Definingp = p(qq) − c 24 and using (2.24), we can isolate the contribution from the vacuum and write
where the prime denotes that we exclude the vacuum contribution with n = 1,
Heuristically, the above manipulations show that the states in the Hilbert space S N H which survive the large-N limit are those where the majority (order N ) of the entries in the tensor product is the vacuum, with sparse (order 1) entries consisting of excited states.
Single-particle states
The main observation is now that the large-N result (2.26) has the form of a non-interacting multi-particle partition function. Recalling the standard statistical mechanics result that a bosonic single particle excitation with quantum numbers ∆,∆, upon multiparticling gives rise to a factor 1 − q 27) one finds the large-N result (2.26) is a multiparticling of a theory with single-particle spectrum captured by the partition functioñ
where the prime means that we exclude the term with n = 1, h =h = 0. This partition function counts the symmetric orbifold equivalent of 'single-trace' excitations in large-N gauge theories. According to AdS/CFT duality, the states counted by (2.28) should correspond to the normalizeable modes of elementary fields in the bulk. The full large-N result (2.26) then arises from including multi-particle bulk states, i.e. second quantization.
Comparing (2.28) with (2.4,2.14) we see that
Therefore the single particle states are in one-to-one correspondence with the states of H Zn (n) , except for the conformal vacuum which is not to be considered a single-particle excitation (hence the minus 1).
Let us spell out this one-to-one correspondence in more detail. The first term in (2.28) comes from the from the untwisted sector of the orbifold. Every non-vacuum state |ψ (1) ∈ H of the seed theory gives rise to an untwisted sector state
which is a single-particle state contributing to the first term in (2.28) . For the terms with n ≥ 2 in (2.29) the one-to-one correspondence works as follows: each state |ψ (n) ∈ H Zn (n) corresponds to a symmetric orbifold state in the sector twisted by
Here, the dots denote that we should also sum over all possible ways the cycle (1) N −n (n) can be embedded in S N [23] . The states of the form (2.31) are the ones counted by the n ≥ 2 terms in (2.28). In summary, we showed that the single-particle states are in one-to-one correspondence with the states in the Hilbert space 32) where the prime means that we exclude the vacuum ray in the n = 1 sector. We will often identify the single particle states in the symmetric orbifold with those in H Zn (n) , though we should keep in mind that this is a shorthand notation for states of the form (2.30,2.31).
The bulk theory
In this section we discuss the structure of the bulk dual field theory for general large-N symmetric orbifolds. We begin by interpreting the result (2.28) for the single-particle spectrum in terms of AdS 3 particle multiplets of definite mass and helicity. The linearized theory around AdS 3 could be described by a set of decoupled fields satisfying the appropriate wave equations, but we want to go a step further and unify these fields into a fully gauge invariant description with the appropriate higher spin symmetry. This symmetry, as we shall review, can be extracted from the chiral algebra of the seed CFT. Imposing higher spin gauge invariance will naturally lead us to equations of the form (1.2), which describe the bulk theory to linear order in the matter fields. The higher spin sector in the bulk is described by a Chern-Simons theory with higher spin gauge symmetry. The field equations for the matter sector generalize Vasiliev's unfolded description of matter coupled to higher spin gauge fields [13] . In the pure AdS 3 background, the auxiliary fields of our unfolded description can be eliminated using the results of [17] , leading back to the description in terms of decoupled wave equations. We also briefly review the equivalence of our system of equations in AdS background with the standard unfolded description in the literature. As in the previous section, we focus here on bosonic symmetric orbifolds, deferring the subtleties which arise from fermions to section 5.
Linearized theory around AdS 3
To begin our discussion of the bulk dual theory, we will analyze how the single particle states counted by (2.28) organize themselves into AdS 3 particle multiplets of definite mass and helicity. The global symmetry algebra of AdS 3 is sl(2, R) ⊕ sl(2, R) and particles correspond to unitary representations of this algebra with energy L 0 +L 0 bounded below. They are of the type (primary, primary) and we will label them by the weights of the primary state as (h,h). The weights h andh must be positive for unitarity. The character of the (h,h) representation is χ hχh , where the sl(2, R) characters are given by
Another way to characterize the particle is by its mass m and helicity η, the latter being the charge under spatial U (1) rotation group. We will also define the 'spin' s to be the absolute value of the helicity, s = |η|, the reason being that the standard field theory description is in terms of a 2s + 1-dimensional dimensional tensor under the Lorentz algebra. The relation between the primary weights (h,h) and these quantum numbers is given by [27] 
We note that the multiplets of the types (h, 0) and (0,h) are short representations, and we will use the terminology that these representations constitute the 'massless higher spin sector' in the bulk (even though the spin can be as low as 1 2 for fermions and 1 for bosons). The long multiplets with both h andh nonzero will be said to constitute the 'matter sector'.
To find the particle content in the bulk, we want to writeZ − 1 and Z(H Zn (n) ) for n > 1 as linear combinations of sl(2, R) ⊕ sl(2, R) characters,
so that N (n) (h,h) counts the number of particles with quantum numbers (h,h) coming from the length-n twist sector. The fact that such a decomposition is a priori possible, with positive integer coefficients N (n) (h,h), is guaranteed by the fact that the spaces H
carry by construction a representation of Vir ⊕ Vir, and therefore also of its global (or 'wedge') subalgebra sl(2, R) ⊕ sl(2, R).
To find the coefficients N (n) (h,h), it suffices to insert the identity
into the expression (2.14) for H Zn (n) . Let us discuss the results for the massless higher spin and matter sectors separately.
The massless higher spin fields in the bulk correspond to chiral CFT excitations with either h = 0 orh = 0; these come exclusively from the untwisted sector, since the twisted sectors have a nonvanishing left-and right-moving zero-point energy (2.15). The partition function which counts these massless states is the vacuum character of the seed theory minus the contribution from the vacuum itself:
Using the identity (3.5) we find the number of gauge multiplets of each helicity to be
wherec(h,h) are expansion coefficients of the seed theory defined in (2.4). The matter sector in the bulk arises from states with both h andh nonvanishing, which come both from the untwisted and the twisted sectors. Using once again (3.5) one arrives at the following counting formula for the number of multiplets N (n) (h,h) in terms of the coefficientsc (n) (h,h) given in (2.18)
The linearized bulk theory around AdS 3 can be described in terms of decoupled Fronsdal-like 2 (for the massless higher spin sector) and Fierz-Pauli-like (for the matter sector) fields. More precisely, since the Fronsdal and Fierz-Pauli equations are parityinvariant, they describe representations of the type (h, 0) ⊕ (0, h) and (h,h) ⊕ (h, h) respectively (see [28] for a review). The bulk dual to a parity-invariant theory therefore contains N (1) (s, 0) = N (1) (0, s) spin-s Fronsdal fields and N (n) (h,h) = N (1) (h, h) Fierz-Pauli fields with spin s and mass m given in (3.2) in the n-th twist sector. If the theory is not parityinvariant, the bulk contains fields describing only a single helicity. For the matter sector, the equations for such a field are a 'chiral half' of the Fierz-Pauli system, generalizing the linearized topologically massive spin-2 theory (see [30] [31] [32] and eq. (3.35) below). In the massless higher spin sector, at least for for fermionic fields a description of a single helicity is known in terms of a standard Fronsdal field with a parity-breaking boundary condition, see section 2.6 in [33] .
While such a description of the bulk theory in terms of decoupled wave equations is adequate for the linearized dynamics around AdS 3 , it obscures the higher spin gauge invariance which underlies the theory. We therefore want to go a step further and write equations which are manifestly gauge-invariant under the appropriate higher spin algebra. This will have the advantage that we can expand the theory around any gauge background away from the pure AdS 3 background. This gauge invariant theory captures much more information about the dual CFT, for example it should capture three-point functions with up to two nonchiral operators.
Higher spin algebra
As a first step in constructing a gauge-invariant description, we review in this section how to obtain the higher spin algebra which is expected to govern the bulk theory. In this subsection we consider the higher spin algebra which is expected to govern the bulk theory. Following the insights of [11, 12, 36] , this algebra can be derived from the properties of the CFT as follows.
One starts by considering the algebra of chiral operators of the symmetric orbifold which, as in any CFT, organizes the states of the theory which fall in representations of this algebra. At large N , the operators comprising the chiral algebra can be divided into 'single-trace' and 'multi-trace' operators. Focusing on the left-moving sector, the single-trace operators are related by the state-operator correspondence to the states in the untwisted sector of the form
where U(z) is a chiral current of the seed theory (different from the identity). The singletrace chiral currents of the symmetric orbifold are therefore in one-to-one correspondence with the chiral currents of the seed theory: for any current U(z) in seed theory the corre-sponding current in the orbifold is the symmetric combination
where the index i labels the corresponding operator in the i-th copy of the seed theory. We note that the orbifold chiral algebra, while completely determined by chiral algebra of the seed theory, is in general not isomorphic to it: for example the Virasoro central charge in the hatted algebra will be N times larger than that of the seed theory. Also, in the case that the algebra is nonlinear the nonlinear terms will be different too. We will denote by A(Ā) the (anti-)chiral algebra of the seed theory, and by A( A) the (anti-)chiral algebra of the symmetric product.
In the known examples of AdS 3 /CF T 2 , the bulk higher spin gauge algebra is closely related to the chiral algebra, A ⊕ A in the case at hand. Namely, it is the wedge subalgebra A 0 ⊕ A 0 spanned by all modes of the chiral currents which annihilate the conformal vacuum state, both when acting from the left and from the right [36] . At large values of the central charge 3 , these modes can be argued to form a closed Lie subalgebra [38] . Since A 0 ⊕ A 0 is a Lie algebra rather than a vertex operator algebra, the construction (3.10) shows that it is isomorphic to the wedge subalgebra A 0 ⊕ A 0 of the seed theory acting diagonally on N copies of the seed theory. Summarized, the bulk higher spin algebra is isomorphic to the wedge algebra A 0 ⊕ A 0 of the seed theory, and at large N all states of the symmetric orbifold CFT must come in representations of this algebra. We can describe the bulk higher spin algebra more concretely as follows. Suppose we have a basis of the left-chiral algebra A of the seed theory consisting of quasi-primary currents. We label the elements of this basis as U (s) i (z), where s is the spin and the subscript i labels the spin-s operators. Since each chiral spin-s operator corresponds, through the state-operator mapping, to a primary representation of type (s, 0) under sl(2, R) ⊕ sl(2, R), the number of chiral spin-s operators is N (1) (s, 0) determined in (3.7)). The modes of the quasiprimaries satisfy
Since the vacuum is annihilated from the left by all modes (U (s)
i ) a with a > −s (see e.g. [37] for a derivation), the generators of the wedge subalgebra A 0 are the modes
Summarized, we have found the following relations between the CFT and the bulk algebras Sym N (C) :
Here, the red arrow means restricting to the wedge algebra. In the holographic duality [36] between 3D Prokushkin-Vasiliev [40] theory and minimal model CFTs with W ∞ [λ] symmetry,it is know how to invert the red arrows and obtain the (large c) CFT chiral algebra from the bulk higher spin algebra: this construction is known as (classical) DrinfeldSokolov reduction [41] . It would be interesting to examine if this construction can be generalized to symmetric orbifolds.
Chern-Simons description of the massless sector
Now we move on to the field theory description of the massless higher spins in the bulk. First, we observe that on the CFT side, the chiral operators form a closed subalgebra under the operator product expansion. Therefore one expects that the bulk theory allows for a consistent truncation to the gauge sector. From the results of the previous subsection, we expect to be able to describe the massless sector by a gauge field taking values in the Lie algebra A 0 ⊕ A 0 . Furthermore, since massless higher spin fields in three dimensions do not carry any local degrees of freedom (though they do describe nontrivial boundary excitations in AdS 3 ), we expect the gauge sector to be described a Chern-Simons theory, as is the case in the known examples of AdS 3 /CFT 2 . We are therefore led to the following exact field equations describing the theory truncated to the gauge sector:
where the one-form gauge fields A andĀ take values in the wedge subalgebras A 0 and A 0 respectively. Purely gravitational solutions, with all except the spin-2 higher spin fields turned off, take values in the sl(2, R) ⊕ sl(2, R) subalgebra of the higher spin algebra. In particular, the solution which describes the pure AdS 3 solution in global coordinates ρ, x ± = φ ± t is given by
(3.14) Note that, in our conventions, the AdS 3 translation generators P m and Lorentz generators M m , where m = −1, 0, 1 are given by
The total connection can be written as A +Ā = e m P m + ω m M m , where
are the vielbein and spin-connection one forms respectively. We can write A AdS andĀ AdS in pure gauge form
We should note that the AdS background possesses a global symmetry which is given by the full higher spin algebra A 0 ⊕ A 0 : indeed, it is left invariant by gauge transformations with parameters
where Λ 0 andΛ 0 are arbitrary elements of A 0 and A 0 respectively. Using well-known results in the literature one can see that the Chern-Simons system describes the correct massless wave equations in AdS 3 . Let us restrict attention for the moment to seed theories which are parity invariant; so that the left-and right chiral algebras are isomorphic and for every bulk representation with quantum numbers (h, 0) we have a parity-related one with quantum numbers (0, h). From our analysis (3.7) we expect the bulk theory to describe N (1) (s, 0) = N (1) (0, s) massless spin-s Fronsdal fields. Indeed, using the decomposition (3.11) of the adjoint representation of the higher spin algebra in sl(2, R) representations we see that (3.13) splits in decoupled equations, each of which can be rewritten as a Fronsdal equation using the results of [42] . We expect that a similar analysis can be done in the case the seed theory is not parity-invariant.
Based on previous experiences with AdS 3 /CF T 2 one might hope to go further and show, through a careful analysis of the asymptotic symmetries that, asymptotically, the higher spin algebra gets 'extended beyond the wedge' to the large-c limit of the full CFT chiral algebra A ⊕ A. For this one would need a way to obtain the chiral algebra from the wedge subalgebra analogous to Drinfeld-Sokolov (DS) reduction, as remarked upon in the previous subsection, as well as a set of boundary conditions in the Chern-Simons theory which implement DS reduction in the bulk as was done for the W ∞ algebra in [36, [42] [43] [44] . It would be interesting to make this more explicit.
Unfolded matter field equations
Having discussed the higher spin gauge fields, we now turn to the bulk description of the matter sector. At the linearized level in the matter fields, we propose a set of bulk field equations which are uniquely determined by the following two criteria:
1. They are fully gauge invariant under finite higher spin gauge transformations.
2. Specializing the background to the AdS 3 solution (3.14), the equations reduce to the appropriate wave equations for matter particles with the quantum numbers and multiplicities derived in (3.8).
Let us first present our equations and then comment on how these criteria are satisfied. In each twisted sector labelled by n we introduce a master field |C (n) (x) which is a zeroform in the three-dimensional spacetime and which takes values in an internal Hilbert space, hence the ket notation. For n = 1, in the untwisted sector, this Hilbert space is the subspace H nonchiral ⊂ H of non-chiral states with both h,h > 0 (recall that the purely chiral excitations are part of the gauge sector). For n > 1, the internal Hilbert space is taken to be the n-cycle twisted Hilbert space H Zn (n) .
We propose the field equation describing the massive states in the length-n twist sector to be
Here, the superscript (n) in A (n) ,Ā (n) means that the gauge connections are to be taken in the appropriate representation of A 0 ⊕ A 0 acting on the n-cycle twisted sector. We will return to this important point momentarily.
The equations (3.20) simply state that |C (n) is a covariantly constant H Zn (n) -valued section of the trivial gauge bundle defined by A,Ā. We also note that they are formally similar to Vasiliev's unfolded equations [13] describing a massive scalar coupled to the higher spin algebra hs[λ]. We will comment on the precise relation between our equations and Vasiliev-like unfolded descriptions in the next subsection.
The equations obviously satisfy the first criterion above with the fields transforming as
where Λ (n) ,Λ (n) are finite gauge parameters evaluated in the length-n twist representation. We note that the equations describe propagation of matter fields in an arbitrary gauge background, and should therefore capture holographic matter-matter-current three-point functions [16] . We will come back to this point in the Discussion. Let us now describe, as promised, how to evaluate the gauge field A (n) acting on the n-cycle twist sector, so that the equations (3.20) are well-defined. In the untwisted sector n = 1, this is is straightforward, since the generators of A 0 ⊕ A 0 as defined in section 3.2 naturally act on the space H nonchiral in which C (1) takes values.
To evaluate A (n) in the twisted sectors with n > 1 we proceed as follows. We recall from (2.31) that H Zn (n) is obtained by taking n copies of the seed theory, imposing boundary conditions twisted by Ω which sends X i → X i+1 (mod n) (see (2.11)) and projecting on Ω-invariant states. From any operator U(z) in the chiral algebra A of the seed theory we construct U (n) (z), the diagonal generator in n-fold copy,
Since U (n) is invariant under Ω, its action on H Zn (n) is well-defined. By the same argument as in section 3.2, the wedge modes U (n) a , |a| < s, where s is the spin of U, of these operators generate a Lie algebra isomorphic A 0 ⊕ A 0 . This then furnishes the sought-after representation in the n-cycle twist sector. In the next sections we will give an explicit algorithm to work out an explicit representation of the wedge modes U (n) a in symmetric orbifolds in terms of the fractional-moded oscillators in the twisted sectors.
Wave equations around AdS 3
Before discussing these examples, we return to the second property claimed above. We consider the equations (3.20) in the AdS 3 background (3.14) where the connection takes values in the sl(2, R) ⊕ sl(2, R) subalgebra of the higher spin algebra. Therefore if we decompose the internal spaces H nonchiral and H Zn (n) , n > 1 into irreducible representations of the sl(2, R) ⊕ sl(2, R) subalgebra, the components of |C (n) in different representations do not mix. The equations (3.20) then reduce to a set of decoupled equations
where the superscripts in A (h,h) and A (h,h) means that we should evaluate the AdS 3 connection in the (h,h) representation of sl(2, R) ⊕ sl(2, R).
Each of these equations is equivalent to the standard wave equation for a massive particle with quantum numbers (h,h). This was shown in detail in [17] whose main points we now briefly review. We pick one of the equations in (3.24) for a particular value of (h,h) and drop the superscripts:
Here, |C(x) takes values in the Hilbert space H h,h of a particle with quantum numbers (h,h), and A AdS ,Ā AdS are evaluated in the (h,h) representation of sl(2, R), sl(2, R). Let us first describe the space of solutions to (3.25) . The general solution is obtained by picking an arbitrary vector |C 0 in H h,h as the value of |C(x) , in the origin of our AdS 3 coordinate system and then parallel transporting it with the AdS connection. One obtains solutions of the form 26) with the group elements g,ḡ defined in (3.18) and evaluated here in the (h,h) representation. The solution space inherits the Hilbert space structure of H h,h and therefore provides us with a field theory realization of H h,h in an almost trivial manner. Since the internal space H h,h is infinite dimensional, it does so at the cost of introducing an infinite number of auxiliary fields. These auxiliary fields can be eliminated in terms of a finite set of physical components which solve a standard matter wave equation. This can be done in a rather economical way as follows. In [17] (see also [45] ) we constructed a set of vectors in the representation space H h,h which transform in the 2s + 1-dimensional, with s = |h −h|, 'spin-s'representation of the sl(2, R) subalgebra of Lorentz transformations generated by M m (see (3.15) ). In spinor notation, these states can be written as
These states are understood to be completely symmetric under permutations of the labels α i , so that the number of independent states is 2s + 1. Explicit expressions for the states (3.27) were derived in [17] , which we now adapt in our current conventions. First we relabel the states in the multiplet as |s, a , with a = s, s − 1, . . . , −s. The two labellings are related by In the case thath ≥ h, the states in the Lorentz multiplets are of the form 4 30) where |n h denotes the normalized level n descendant of the primary of weight h; more concretely
where |0 h is the primary state satisfying
Finally, the coefficients v n (s, a) in (3.31) are given by
where (x) n = x(x + 1) . . . (x + n − 1) denotes the Pochhammer symbol. Similar expressions can be obtained in the case thath < h [17] . The states (3.27) are not normalizeable 5 , but can be shown to have finite overlap with the solutions (3.26). We can therefore consider the projection
which is a symmetric multispinor field transforming in the spin-s representation of the Lorentz algebra. It can be shown [17] that this field satisfies the wave equation
This is the standard 'topologically massive' wave equation propagating the representation H h,h . It can be seen as 'half' of the more familiar Fierz-Pauli system which propagates H h,h ⊕ Hh ,h and is parity-invariant. Therefore, if the seed CFT we started with is parityinvariant, the field equations (3.20) can be combined into standard Fierz-Pauli equations for N (n) (h,h) = N (n) (h, h) fields with mass squared m 2 = (h +h)(h +h − 2) and spin |h −h|. These considerations show that our system of equations satisfies the second criterion of section 3.4.
The unfolded system can also be related to the more standard Vasiliev-type unfolded system in AdS 3 [46] where the y α are auxiliary commuting spinor variables. The field Φ so obtained is precisely the master field in the Vasiliev-like unfolded formulation of massive higher spin fields.
Example I: compact boson
In the next two sections we will illustrate the general considerations of the previous sections in two concrete examples. The case we are ultimately interested in, where the seed theory is the free N = (4, 4) CFT on the 4-torus, will be discussed in section 5, while in this section we start with the simpler example of a single compact boson. The emphasis will be on making the ingredients entering our bulk field equations (3.13) and (3.20) explicit. We review the higher spin algebra which has the structure of a 'higher spin square' [11] , and give a concrete description of the n-cycle twist Hilbert spaces H Zn (n) in terms of oscillators. We also present an algorithm to derive the oscillator expression of the generators of the higher spin algebra acting on these spaces. Using this method the massive equations (3.20) can be worked out explicitly in any massless higher spin background, at least in principle. To conclude this section we give more details about the bulk spectrum, both in terms of multiplets of the higher spin algebra and in terms of AdS 3 masses and spins.
The seed theory
We take the seed theory to be that of a single compact boson X with radius R. The Hilbert space H is a Fock space spanned by states of the form
Here, |P,P is the ground state annihilated by the positive oscillator modes and with α 0 ,ᾱ 0 eigenvalues
Here M, W ∈ Z are the momentum and winding numbers. In (4.1) we used a notation where m = (m 1 , m 2 , . . .) is a multi-index of positive integers, and α − m is stands for α −m 1 α −m 2 . . ..
The partition function of the seed theory is
where P (h) is the number of partitions of h. In what follows we will mostly assume that R/ √ 2 is generic (i.e. irrational) so that the chiral states of the theory come entirely from the M = W = 0 sector. We will comment on the non-generic case in the next subsection.
Higher spin algebra
As we reviewed in section 3.2, the bulk higher spin algebra is isomorphic to the wedge subalgebra of the chiral algebra of the seed theory. For our free scalar example, this higher spin algebra has the interesting structure of a 'higher spin square' as we now briefly review, referring to [11] for details.
The quasi-primary basis elements of the chiral algebra A of the free boson at generic
can be chosen to be products of derivatives ∂ k X(z). It is convenient to organize these in an infinite matrix, where each column contains operators with a fixed number of X's, so that as we move down in the rows number of derivatives (i.e. spin) increases. In the upper left corner, we have the operator ∂X which is the only quasi-primary linear in X. The second column has as top entry the stress tensor
and contains one quasi-primary operator V 2s for each even spin. An explicit basis is given by [47] 
These operators generate a subalgebra W even ∞ [1] , called in this context the 'vertical' Walgebra. The remaining columns form irreducible representations of this algebra.
Interestingly, the operators in the first row also form a 'horizontal' W-algebra with one quasi-primary operator
for each positive integer spin s. These operators generate the algebra W 1+∞ [0], as can be shown by fermionizing the real boson.
As we argued in section 3.2, by restricting to the wedge modes we obtain the bulk higher spin Lie algebra A 0 which inherits a similar structure and is called a 'higher spin square'; we will denote it as hss. It contains the vertical higher spin subalgebra hs even [1] and the horizontal subalgebra hs[0]. It should be noted that the basis of hss so obtained consists of (infinite) linear combinations of normal-ordered monomials
When acting with a hss generator on Fock space vectors, only a finite number of these monomials contribute and therefore, for most purposes, it should be equivalent to use the monomial basis (4.8) to describe hss. We end this discussion with a comment on enhanced symmetry points in moduli space. We assumed so far that
was irrational, in which case the chiral algebra consists of operators with vanishing momentum and winding number. Indeed, recall that turning on momentum and winding contributes ∆h = 1 2
to the left-and right-moving operator dimensions. We see from this expression that at nongeneric points, when R/ √ 2 is a rational number, the chiral algebra gets enlarged by operators carrying momentum and winding. These can be viewed as 'more tensionless' points where an enlarged higher spin algebra becomes manifest. The biggest enhancement occurs at the selfdual point R = This leads to an extra spin-M 2 operator of each chirality for each M ∈ Z 0 , which for M = ±1 gives the familiar extension from a u(1) 1 to an su(2) 1 current algebra. It would be interesting to explore how the higher spin square structure is extended in the case of the selfdual radius.
The Hilbert spaces H
Zn (n)
We now describe how the n-cycle twisted Hilbert spaces H Zn (n) introduced in section 2.1 can be constructed as Fock spaces built up with oscillator modes, see also [9] . We consider n copies of the free boson theory labelled as X i , i = 1, . . . , n, and introduce the cyclic permutation Ω acting as
The Hilbert space H (n) arises from imposing Ω-twisted boundary conditions
The fields X i can be seen as strands connecting to form a 'long string' of circumference 2πn.
To deal with the boundary condition (4.12) we make a field redefinition to a set of fields X ( k n ) , k = 0, . . . , n − 1 which diagonalize Ω:
They satisfy ΩX (
Therefore the mode numbers of X ( k n ) have a fractional part k n ; if we map to the sphere using z = e −i(σ+iτ ) the new fields have Laurent expansions
Using the OPE of the original fields
and the identity (recall that δ (n) h was defined in (2.16).)
we find that the X (
By the usual contour argument we find the commutators
The fractional oscillator modes can also be related to the the modes of the original fields X i which are periodic with period 2πn.For example in terms of the modes of X 1 ,
This property plays an important role in the systematic construction of the Hilbert spaces of cyclic orbifolds [26] . Combining all the modes with fractional parts k n for k = 0, . . . , n − 1, we end up with a set of We define ground states |P,P n with momentum and winding in the n-cycle twist sector which satisfy α l n |P,P n =ᾱ l n |P,P n = 0, for l >0,
The Hilbert space H n introduced in 2.1 is then the Fock space built up by acting with the creation operators on the ground states |P,P n . As we explained in section 2.1, the Hilbert space H Zn n is the Ω-invariant subspace of H n . This projects on states on which L 0 −L 0 is integer and is spanned by states of the form α − 
Twisted representations of hss
In (3.20) we proposed a set of equations describing the matter sector in the bulk, which we repeat here for convenience:
Here, |C (n) (x) is a spacetime zero-form taking values in the Hilbert space H Zn (n) , while A (n) andĀ (n) are the hss gauge fields evaluated in the appropriate n-cycle twist representation acting on H Zn (n) . As promised, we now illustrate how to construct the latter representation explicitly.
Suppose we start in the seed theory from a wedge mode U a , |a| < s of a spin-s chiral current
We would like to find its representation U (n) a on H Zn (n) in terms of the fractional-moded oscillators α m n which we constructed above. This can be accomplished using an algorithm which consists of the following steps:
1. Construct the symmetric combination in X ⊗n :
Being invariant under cyclic permutations, this has well-defined action on H Zn (n) .
2. Reexpress the operator in terms of the redefined fields X ( k n ) , k = 0, . . . , n − 1 on which the cyclic group acts diagonally, using the inverse of (4.13):
This yields an expression of the form
3. The above expression is conformally normal-ordered as denoted by : :. To get a meaningful oscillator expression, we would like to convert it to creation-annihilation normal ordering which we will denote by » ». The method for converting between different orderings is explained in detail in [48] , Ch.2. We start by computing the difference in normal orderings for the bilinears:
for |z| > |z | (4.31) and find
As a consistency check, we note that this formula is symmetric under simultaneous exchange of k and l and z and z , as it should. For integer modes, when k = l = 0, the right hand side vanishes and we recover the familiar property that in this case both orderings are equivalent. Using the basic relation (4.31) one can convert between different orderings for more general local operators using Wick's theorem, i.e.
(4.33) Working out the right hand side yields the naive creation-annihilation ordered expression plus correction terms of progressively lower order in the fields. 4 . Plug the Laurent expansion of the fields X ( k n ) , see (4.15) , into the right hand side of (4.33) and extract the desired wedge mode using
This then gives the desired oscillator expression for the action of U
Similar considerations apply to the construction anti-chiral wedge modes in the twisted sectors. Let us illustrate the above algorithm in a few examples. To start with, we want to find the representation of the sl(2, R) wedge modes L m , m = −1, 0, 1 of the stress tensor T ≡ V 2 ≡ H 2 in the length-n twist sector. We find
Here, the number above the equality sign indicates that it is the result of the corresponding step in the above algorithm. From this expression we find the result for the wedge modes
Hence we recover the well-known zero-point energy in the twisted sectors [25] which we anticipated in (2.15) and which can also be derived by a variety of alternative methods. Next let's consider the wedge modes of the spin-4 operator V 4 in the vertical subalgebra, see (4.6):
We get
leading to
This result agrees with the computation in [12] using a different method. As a last example, let us work out the representation of the wedge modes of horizontal spin-3 generator
One finds
leading to the expression for the wedge modes
As a check, we showed that an alternative computation of the coefficient of the second term, from requiring that the commutation relation (3.11) is satisfied, leads to the same result.
More on the spectrum
To end our discussion of the free scalar example, we would like to comment more on the spectrum of the bulk theory, both from the point of view of the higher spin algebra hss⊕hss and from the AdS 3 algebra sl(2, R) ⊕ sl(2, R).
We start with the gauge sector, whose partition function is
The first term counts purely leftmoving excitations of the form
From the point of view of the hss these states form an irreducible representation, as one can see using the basis (4.8) (and similarly the right-moving excitations form an irreducible representation of hss). This representation can be seen as the defining representation and is also a short representation as explained in [12] . It is referred to as the 'minimal' representation and we will denote it by min. The gauge sector contains then the representations (min, 1) ⊕ (1, min) under hss ⊕ hss . From the point of view of the AdS 3 algebra sl(2, R) ⊕ sl(2, R), we find from (3.7) and (4.4) that the number of massless spin-s gauge fields is
We can also see this decomposition into sl(2, R) primary representations more explicitly at the level of Fock space states. For example, one sees that one of the sl(2, R) primaries at level s is given by (α −1 ) s |0 . These states are related by the state-operator mapping to the generators H s (z) of the horizontal W 1+∞ [0] algebra. At level 4, an extra sl(2, R) primary appears and is given by
This state is created by the vertical spin-4 generator V 4 in (4.6). Generally, the states at level s form an P (s)-dimensional space, while the primary condition that they are annihilated by L −1 imposes P (s − 1) constraints, leading to the counting formula (4.50). Our equations (3.13) for the gauge sector, linearized around the AdS 3 background (3.14), decompose into N (1) (s, 0) decoupled Fronsdal equations at each spin s [42] . For the lowest spins, labelling a massless spin-s representation as (s), the gauge sector describes The asymptotic behaviour at large spin is, from the well-known asymptotics of P (s),
This Cardy-like behaviour of the minimal representation of hss should be contrasted with that of the analogous minimal representation of the horizontal (vertical) Vasiliev higher spin subalgebra which describe only one massless field of each (even) spin. Now let us describe the matter sector, coming from the non-chiral states in the untwisted sector and from the twisted sectors. Since the general analysis including the zero modes is cumbersome due to their appearance in the orbifold projection (see (4.24)), we will for the rest of this section restrict our attention to the subsector with P =P = 0.
(4.54)
In this subsector, the seed coefficients factorize:
In the untwisted sector, the matter contribution is counted bỹ
with χ min the character of min; we see that the hss ⊕ hss representation content is (min, min) [12] . In the twisted sector of cycle length n, the states are counted bỹ
Working out the constraint imposed by δ
we get a sum of n modulus-square terms
This suggests that each χ n,k is the character of an irreducible representation of hss, and that the n-cycle twist sector at P =P = 0 consists of n inequivalent representations under hss ⊕ hss. It would be interesting to study these representations in more detail using the oscillator realization described above. From the point of view of the AdS 3 algebra sl(2, R) ⊕ sl(2, R), the number N (n) (h,h) of (h,h) representations coming from the n-cycle twist sector can be read off from (3.8) and (2.18). Using (4.4) this reduces in this case to
As an illustration we list some low-lying multiplets, labelled by their mass and spin as (m 2 l 2 AdS , s), for the first few twist sectors: 
Example II: tensionless AdS 3 strings
We now turn to our main example of interest, where the seed theory is the N = (4, 4) supersymmetric sigma model on the four-torus T 4 whose symmetric orbifold we denote as Sym N (T 4 ). As mentioned in the Introduction, this theory has recently been shown to be dual to a tensionless limit of the worldsheet string theory on AdS 3 × S 3 × T 4 with N S flux [3] . Therefore our bulk field equations (1.2) can be viewed as a first step towards formulating tensionless string field theory on this background. In order to work out (1.2) in this setting, we first generalize the methods of sections 2 and 3 to include the presence of the fermions, making use of supersymmetry and the spectral flow isomorphism. We then describe in more detail the ingredients necessary to evaluate our field equations (1.2) starting with an explicit oscillator realization of the single-particle Hilbert spaces H Zn (n) in which the matter fields take values. As in the free scalar example, the bulk higher spin algebra has a 'square' structure and goes under the name of Higher Spin Square. We work out how to evaluate the action of its generators in the twisted sectors. As a check on our construction we show that our bulk spectrum decomposes into multiplets of the bulk superalgebra psu(1, 1|2), for which we provide explicit counting formulas.
Large-N spectrum of N = 4 symmetric orbifolds
In this subsection, we describe how the bosonic results of section 2 generalize to the case where the seed theory C has fermions and 'small' N = (4, 4) superconformal symmetry 6 . In particular, we aim to find the single-particle spectrum of the symmetric orbifold Sym N (C) at large N . We are interested in those states which can be interpreted as perturbative excitations above the AdS background; therefore we will restrict attention to the states in the Neveu-Schwartz (N S) sector of the orbifold CFT which have energy of order N 0 above the vacuum; Ramond (R) sector states have an energy gap of order N and will not be considered here. In addition, in taking the large-N limit in section 2.1 it was important that the the ground state of the seed theory was nondegenerate. In the R sector it's not clear how to take an unambiguous large-N limit due to the ground state degeneracy as was emphasized in [29] .
The 'small' N = 4 superconformal algebra is generated by the stress tensor T (z), an su(2) current algebra at level c 6 generated by J ± (z), J 3 (z), and fermionic weight-3/2 6 The results of this subsection generalize straightforwardly to the case of N = 2 superconformal seed theories, since we only make use of an N = 2 subalgebra. currents G ± (z),G ± (z). In the N S sector of interest, where the supercurrents are halfinteger moded, the wedge subalgebra is the superalgebra psu(1, 1|2). On the bulk side this algebra arises as the algebra of superisometries of the AdS 3 background. The bosonic subalgebra is sl(2, R) ⊕ su (2) , where the latter is the R-symmetry. Its generators are the wedge modes of T (z) and J ± , J 3 . It is standard to define a refined partition function keeping keeping track of the R-charges under J 3 0 andJ 3 0 . In the N S sector we define
As before, we will denote byZ N S the partition function multiplied by (qq) c 24 and the corresponding expansion coefficients byc(h,h, j,j).
We recall for later convenience that the N = 4 algebra possesses a one-parameter family of equivalent realizations which are related by spectral flow [49] 7 which acts as
3)
In particular, spectral flow maps a state with weight ∆ and R-charge j 3 to a state with
Under a simultaneous left-and right-moving spectral flow with parameter η, the partition function transforms as
To derive the partition function of the symmetric orbifold, we first observe that the derivation of the DMVV formula in section (2.1) generalizes straightforwardly to the R sector of the theory, where the fermions in the seed theory are integer-moded just like the bosons. The N S sector of the orbifold theory is somewhat less straightforward, for example the naive generalization of the bosonic orbifold projection in the n-cycle twist sector, L 0 =L 0 ( mod 1), is already incorrect in the untwisted sector, as it would project out the half-integer moded fermionic states. Therefore we will follow the strategy of [7] and start from the DMVV formula for the partition in the RR sector and obtain the result for the N S sector partition by applying the spectral flow isomorphism (5.4).
We start from the partition function of the seed theory in the R sector with an insertion of (−1) F = (−1) 2J 3 0 +2J 3 0 :
7 Apart from the spectral flow parameter η which labels isomorphic algebras, there is second continuous parameter ρ labelling inequivalent N = 4 algebras [49] . In this work we consider only the ρ = 0 algebra.
Following the arguments of section 2.1 one arrives at the DMVV generating function for the RR sector of the symmetric orbifold [8] :
Applying the spectral flow (5.4) with parameter η = 1, we end up in the N SN S sector, and from (5.6) and recalling that the central charge of Sym N (C) is N c we find that the N S and R generating functions are related as
This gives the N S generating function in terms of the R sector seed coefficients d(∆,∆, j 3 ,j 3 ). Using the spectral flow isomorphism of the seed theory we can reexpress Z N S in terms of the N S seed degeneracies c(∆,∆, j 3 ,j 3 ) defined in (5.1). To subsequently extract the large-N behaviour, we follow the same procedure as in section 2.1 and isolate the contribution of the vacuum with ∆ =∆ = − c 24 , j 3 =j 3 = 0. The resulting large-N partition function is again of multi-particle form with the single-particle partition function given bỹ
10)
Here, the sum runs over the set of weights and R-charges in the N S sector of the seed theory, and the prime means that for n = 1 we exclude the vacuum contribution with h =h = j 3 =j 3 = 0. In other words, the expansion coefficients in the n-cycle twisted sector arẽ
The formula (5.11) passes the consistency check that it gives the correct N S-sector zero-point energy in the NS sector of the n-cycle twist sector, namely h =h = c 6 (1−n), and the y−dependence shows that the ground states in this sector form a degenerate multiplet with spin j = c 6 (n−1) under the su(2) R-symmetry [51] . It is sometimes useful to reexpress the the result (5.11) in terms of the R sector seed coefficients, in terms of which it takes the somewhat simpler form
The modulus is included because the R sector coefficients were defined in (5.7) with an insertion of (−1) F , and the prime now means exclusion of the term with n = 1, ∆ =∆ = 0, j 3 =j 3 = c 12 .
As in our general discussion of section 2.1, the partition functionZ (n) counts states in one-to-one correspondence with states in the N S sector of n-cycle twisted Hilbert space H Zn (n)N S , and it will be our goal to give a concrete oscillator description of this space for the T 4 theory.
The T 4 seed theory
With this goal in mind, we specify from now on to the case where the seed theory is the free N = (4, 4) supersymmetric sigma model on the four-torus T 4 , containing 4 real bosons and 4 real fermions. We will collect these into two pairs of complex bosons and fermions X a , X a , ψ a , ψ a , a = 1, 2 with OPEs
The theory possesses a small N = (4, 4) superconformal algebra of symmetries at central charge c = 6 [50] whose currents are, in our conventions, given by 18) and similarly in the antiholomorphic sector. The seed partition function in the N S sector is given bỹ 19) where Θ T 4 is a lattice sum coming from the zero modes:
The expression (5.19) defines the seed expansion coefficientsc(h,h, j 3 ,j 3 ), and from these and (5.11) at c = 6 we obtain the single-particle spectrum of tensionless strings on T 4 .
The Hilbert spaces H
Zn (n)
We now proceed to give a concrete description of the states counted by (5.11). As in our general discussion in section 2.3, these are in one-to-one correspondence with states in the n-cycle twisted, N S sector, Hilbert space which we denote as H Zn (n)N S . We now give a Fock space realization of these Hilbert spaces. Our procedure will mirror the derivation of the partition function in section 5.1: we will first consider the R sector twisted sector Hilbert space, denoted as H Zn (n)R , and then perform a spectral flow to the N S sector.
We start by considering n copies of the T 4 theory and imposing boundary conditions twisted by a cyclic permutation on all the fields :
where Φ stands for either X or ψ. Next, we make a field redefinition to diagonalize the action of the twist:
where ω n ≡ e In terms of these redefined fields, the N = 4 generators
take the form In particular, the zero-modes ψ a 0 are annihilate the ground state while ψ a 0 create other ground states degenerate with |0 R n . Using the techniques of section 4.2 one shows that |0 R n has quantum numbers
In terms of the su(2) R-symmetry, |0 R n and ψ 1 0 ψ 2 0 |0 R n form a doublet while ψ 1 0 |0 R n and ψ 2 0 |0 R n are singlets. The Z n orbifold projection discussed in section 2.1 immediately generalizes to theories with fermions in the R sector and imposes
From these considerations, the R partition function in the n-cycle twist sector is
To obtain the desired n-cycle twisted Hilbert space H Zn (n) in the N S sector, we perform a spectral flow (5.4) at c = 6n with η = 1. As we see from (5.4), (5.23) this transformation is induced by the following transformation of the fields
The N S sector fields so obtained have mode expansions (dropping the subscript N S from now on)
Under the spectral flow, the R ground state |0 R n defined in ( 
which is consistent with the analysis of [51] . We will verify (5.31) explicitly in the next subsection. The ground state |0 N S n is furthermore annihilated by the current modes G α and is therefore a half-BPS state from the point of view of the psu(1, 1|2) global algebra. 8 One can check that the states R sector states ψ could be used to create states of lower energy than the ground states, but the orbifold projection (see (5.35) below) projects these out.
In the sector with nonvanishing momenta and windings on T 4 we similarly we define ground states |P,P n which have appropriate eigenvalues under the bosonic zero-modes. The Hilbert space H (n)N S is the Fock space built up by acting on these ground states with the modes of the fields (5.30) and similarly in the right-moving sector. In writing the above used that for even n the shift by ± This concludes our Fock space description of the single-particle states of Sym N (T 4 ) at large N . We would like to end this subsection with a comment on the equivalence between our expression (5.11) for the single-particle spectrum and the one derived in [3] using a different method (see also [20] ). In that work, the result was displayed in a flow frame which arises naturally from the worldsheet theory and is different from ours. For even n, one sees from (5.9) in [3] that in that case the partition function is displayed in the R sector and is equal to ourZ H which is indeed equivalent to (5.9) in [3] for odd n.
Tensionless string field equations
After these preliminaries we are ready to give a concrete meaning to our proposed bulk equations (1.2) which describe the tensionless string on AdS 3 to linear order in the matter fields. We repeat them here for convenience: The other examples discussed in section (4.4) carry over to the HSS case as well, since they describe wedge modes of currents made of one of the 4 real bosons of the T 4 theory.
Spectrum and supermultiplet decomposition
We end our discussion of the tensionless string field theory on AdS 3 by commenting on its spectrum, both from the point of view of the higher spin algebra HSS ⊕ HSS and from the AdS 3 superalgebra su(1, 1|2) ⊕ su(1, 1|2). For simplicity, we will restrict our analysis to the subsector with P =P = 0, (5.44) i.e. with vanishing momentum and winding quantum numbers on T 4 . In this subsector, the expansion coefficientsc(h,h, j 3 ,j 3 ) factorize:
c(h,h, j 3 ,j 3 ) =c(h, j 3 )c(h,j 3 ), (5.45) wherec(h, j 3 ) are the coefficients of the vacuum character of the chiral algebrã Let us first discuss the spectrum from the point of view of the HSS ⊕ HSS algebra. The massless higher spin sector in the bulk comes from the purely (anti-)chiral excitations in the untwisted sector; its partition function is Z chiral = Z vac − 1 + Z vac − 1 (5.48)
As in the single boson example one can show [12] that the first term in (5.48) is the character of an irreducible 'minimal' representation of HSS which we will denote as min.
The gauge sector contains then the HSS ⊕ HSS representations (min, 1) ⊕ (1, min).
As for the matter sector, it is straightforward to see that the untwisted sector contribution forms a single irreducible representation (min, min) of HSS ⊕HSS. The contribution from the n-th twist sector can, using (5.27), be written as a sum of n mod-square terms: Supermultiplet spectrum Now we want to decompose the single-particle partition function (2.28) in terms of these characters; for this we need the analogue of the simple bosonic formula (3.5). Observing that su(2) invariance implies that the partition function is symmetric under y → y −1 it suffices to write terms of the form q h (y 2j + y −2j ) as a linear combination of characters. One checks the following identities q h (y 2j + y −2j ) =
• In this paper we only started to explore the interactions in the bulk theory following from making the theory higher spin gauge invariant; of course this is not expected to be the full story and it would be very interesting to get a handle on further interactions. Here, one should distinguish between to types: firstly, there could be interactions coming g from 'formal' deformations of the higher spin algebra [53] . In the case of higher spin theories with hs[λ] gauge symmetry these were argued to be absent; it is not known whether this result persists for the higher spin square. Secondly, interactions can also be generated by field redefinitions, and it is generally a challenging problem to find the set of 'local field redefinition frames' in which the correlators of the dual CFT are reproduced. Another line of attack would be to directly write a fully interacting theory generalizing the conventional Vasiliev theories, see [54] for work in this direction.
